If light scalar fields are present at the end of inflation, their non-equilibrium dynamics such as parametric resonance or a phase transition can produce non-Gaussian density perturbations. We show how these perturbations can be calculated using non-linear lattice field theory simulations and the separate universe approximation. In the massless preheating model, we find that some parameter values are excluded while others lead to acceptable but observable levels of non-Gaussianity. This shows that preheating can be an important factor in assessing the viability of inflationary models.
Predicting the observed nearly scale-invariant and Gaussian primordial density perturbations has been the greatest success of the slow-roll inflationary paradigm. However, these predictions are very generic and shared by a vast number of different inflationary models. Even the small observed deviation from scale invariance can be expressed purely in terms of slow roll parameters, and is therefore not enough to distinguish between models.
In contrast, if deviation from Gaussianity is observed, it will at least in principle provide much more information and could allow us to single out the correct model. The level of non-Gaussianity is commonly characterised using the parameter f NL , which was originally defined [1] for a specific "local" type of non-Gaussianity by
where ζ is the curvature perturbation and ζ 0 is a Gaussian random field. The definition of f NL has since been extended to cover arbitrary non-Gaussian fields [2, 3] , in which case it also becomes scale-dependent. Even this generalised f NL does not give a full description of the non-Gaussianity, but it is nevertheless a useful quantity. Observational constraints on f NL are currently not particularly strong [4] , |f NL | 100, but they are likely to improve significantly with the Planck satellite. Unfortunately, the level of non-Gaussianity produced during inflation in single-field models is very small [2] , |f NL | ≪ 1, and is unlikely to be ever observed.
In many inflationary models the end of inflation involves non-linear non-equilibrium dynamics, such as a phase transition or parametric resonance. It is natural to ask whether these processes can produce density perturbations and how non-Gaussian this contribution would be (see recent review [5] and references therein). It is clear that causality prohibits generation of super-Hubble perturbations from nothing. However, if there is a light scalar field, it would acquire similar scale invariant perturbations during inflation to the inflaton field, and these may well be converted into density perturbations at the end of inflation.
In this letter, we show how the perturbations produced by non-equilibrium dynamics at the end of inflation can be calculated in a non-linear way using lattice field theory simulations. The method is very general and can be applied to any inflationary model in which the dynamics are dominated by bosonic fields. For concreteness, we will focus on a particular inflationary model known as massless preheating [6, 7, 8] . Recent approximate calculations [9, 10] have suggested that preheating could produce very large levels of non-Gaussianity in this model, and we show that this is indeed the case for large parts of the parameter space. We will also discuss at a general level the conditions required for effective generation of perturbations at the end of inflation.
The model consists of an inflaton field φ coupled to a massless scalar field χ, with the potential
During inflation, χ is approximately zero, and the model behaves the same way as the ordinary single-field φ 4 chaotic inflation model. If g 2 /λ O(1), the mass m χ = gφ of the χ field is less than the Hubble rate, and therefore the χ field acquires a similar scale-invariant spectrum of perturbations to the inflaton field φ.
When inflation ends, the inflaton φ starts to oscillate with a decreasing amplitude. In terms of rescaled fieldφ = aφ and rescaled conformal time τ defined by
ini dt, the oscillations are approximately described by the Jacobi cosine function [11] ,φ(τ ) = φ ini cn(τ, 1/ √ 2). This gives rise to an oscillatory mass term for the χ field. At linear level, a Fourier mode of the rescaled fieldχ = aχ with wave number k satisfies the Lamé equation,
In the space of the two constant parameters κ 2 and g 2 /λ, Eq. (3) has resonance bands in which the solution grows exponentially,χ k (τ ) = e µτ f (τ ), where µ is known as the Floquet index and f (τ ) is a periodic function (see Fig. 4 in Ref. [7] ). This means that energy is transferred rapidly from the inflaton φ to the χ field, which is known as preheating [12, 13] . The resonance bands stretch through the (g 2 /λ, κ 2 ) plane diagonally so that for any value of g 2 /λ there are some resonant modes, but when g 2 ≪ λ, the bands are narrow and the resonance is weak. Effective preheating therefore requires g 2 /λ 1. This model has been studied extensively using lattice field theory simulations [6, 14] , but the focus has always been on field dynamics rather than on its effect on curvature perturbations. In a recent work [15] , gravitational effects were introduced at linearised level by coupling the fields to metric perturbations. This way, one can study their back-reaction to the field dynamics but, because only linear small-scale perturbations are included, not observable length scales or non-Gaussianity.
Our approach combines lattice field theory with the widely used separate universe approximation [16] . It states that points in space separated by more than a Hubble distance cannot interact and will therefore evolve independently of each other. As long as each Hubble volume is approximately isotropic and homogeneous, one can approximate them by separate FriedmannRobertson-Walker (FRW) universes. When the universe has reached equilibrium, the curvature perturbation ζ is equal to the perturbation of the logarithm of the scale factor a on a constant energy density hypersurface, ζ = δN ≡ δ ln a| H , which one can find by solving the Friedmann equation for each universe separately.
At the end of inflation, all fields except light scalar fields vanish. It is therefore sufficient to consider the dependence of N on the "initial" values of the light scalars φ i and χ i by which we mean their average values in the given Hubble volume at the end of inflation. The model is symmetric under χ i → −χ i , which implies ∂N/∂χ i = 0. We can therefore Taylor expand
where we have subtracted the averages δφ to keep the unperturbed value of ζ zero. Assuming, as we do, that the initial field values are Gaussian, the first term described the usual Gaussian contribution, and the second term is a local non-Gaussian contribution that is present already in single-field models. The third term, however, is more interesting, since it represents the contribution from the other light field χ. To measure the level of this contribution, we need to find the dependence of N ≡ ln a on the initial value of χ. Previous applications of the separate universe approach they have generally assumed that not only the metric but also the field configurations are homogeneous inside each separate universe [17, 18] . the dynamics are then described by a system of coupled ODEs,
where ρ = 1 2φ
2 + V (φ, χ) is the energy density. Solving these equations and calculating the scale factor a at some suitably chosen H gives a non-linear way of calculating the curvature perturbation ζ.
The contribution by the χ field to the non-Gaussianity is not of the simple "local" type (1), but defining f NL as a suitable ratio of the three-point and two-point correlation functions of ζ, Boubekeur and Lyth obtained for this type of non-Gaussianity an effective value of [3] f NL ≈ − 5 48
where we have used the expressions P χ = (H 2 /4π 2 ) and
Pl ) for the power spectra of χ and ζ. The logarithm reflects an infrared divergence, which is cut off by the length scale at which the averages in (6) are computed, i.e., the maximum observable scale. This expression is only valid if the non-Gaussianity is small, f NL 10 5 . In any case, the observational limits on f NL lead to the constraint
The key finding in earlier work on this model [17, 18] was that the dependence of N on the initial χ appears random, suggesting chaotic dynamics. This would mean that the the contribution to the curvature perturbation is simply white noise, with no observable effects on large scales. As we will see, this chaotic behaviour is, in fact, merely a consequence of ignoring the inhomogeneous modes completely. When they are included, individual degrees of freedom may still behave chaotically, but the averaged dynamics, which determines the expansion of the universe and thereby the curvature perturbation, is non-chaotic.
To include the effects of sub-Hubble inhomogeneities, we employ a hierarchy between the two relevant length scales. The length scales relevant for the non-equilibrium dynamics, which we call microscopic, are smaller than the horizon size, but we are interested in the curvature perturbation on macroscopic, super-Hubble scales that are observable today.
We approximate the microscopic dynamics by defining the inflaton and the other relevant fields as classical fields on a comoving lattice. The lattice size is chosen to be large enough to describe the microscopic dynamics accurately but smaller than the horizon at all times, so that the space-time geometry inside the lattice can be well approximated by the FRW metric. The simulations in Ref. [15] confirm that sub-horizon metric perturbations can be safely ignored. We can therefore use the standard classical field theory methods that have been used to study preheating over the last decade.
Since the lattice size is larger than the characteristic length scale of the microscopic dynamics, the average energy density is the whole Hubble volume is well approximated by the average energy density ρ in our lattice, given by
where the integration is over the lattice and L is the comoving lattice size.
We can now use ρ in the Friedmann equation to calculate the evolution of the scale factor. In a sense, we are therefore using the field theory simulation to calculate the equation of state inside the Hubble volume. This same approach has been used in the past to study the formation of primordial black holes during preheating [19] . The field evolution is given by the full classical equation of motion.φ
We solved this system of equations in conformal time (dη = a −1 dt) using the second-order Runge-Kutta algorithm for the field equations coupled to an Euler method for the Friedmann equation [20] .
To set up the initial conditions, we followed the standard approach in studies of preheating [6, 21] . We drew the initial values of the fields and their time derivatives from a Gaussian ensemble that has the same two-point functions as the quantum mechanical vacuum state,
with all other two-point correlators vanishing and the φ-field homogeneous at the beginning of the simulation. In the linearised classical theory, these two-point functions evolve exactly the same way as in the quantum theory. On the other hand, when the dynamics become non-linear, occupation numbers of the modes are generally large, and the classical field equations should again describe the dynamics very well. For each set of parameters, we repeated the simulation between 60 and 240 times with different random realisation of the initial fluctuations.
We fixed the inflaton self-coupling to λ = 7 × 10 −14 , and started the simulation at φ = 5 in Planck units. We used lattices of up to 32 3 points with spacing δx = 1.25× 10 5 and time step δt = 4 × 10 2 . For these parameters, the contribution to the energy density by the "quantum" fluctuations (10), ρ fluct ∼ δx −4 ∼ 10 −21 , is well below the physical energy density ρ phys ≈ λφ 2 ini ∼ 10 −11 , and should not affect the dynamics.
To determine the curvature perturbation ζ we have to measure the dependence of the number of e-foldings N = ln a on the initial value of χ at a suitable fixed value of the Hubble rate such that the system has reached a quasiequilibrium state. Figure 1 shows N (χ) measured at H = 5.53×10 −12 M Pl for g 2 /λ = 1.192 and g 2 /λ = 1.875. The data appear smooth, within errors, in contrast with the previous separate universe calculations [17, 18] . There is significant scatter between individual runs, but since that variation is random and uncorrelated, it will contribute a white noise signal that is unobservable on large scales.
According to Eq. (4), the new contribution to the curvature perturbation depends on the second derivative ∂ 2 N/∂χ 2 i where χ i is the value of the zero mode at the beginning of the simulation. We measure it by fitting the data at low χ i with a quadratic function,
so that ∂ 2 N/∂χ 2 i = 2c. The curves in Fig. 1 show the fits for g 2 /λ = 1.192 and g 2 /λ = 1.875. Table I shows the fitted values of ∂ 2 N/∂χ 2 i for four different couplings g 2 /λ. These values do not depend significantly on the value of H at which they are measured. At g 2 /λ = 1.05 the measured value corresponds to f NL ∼ O (1). This is within observational bounds (7) and would be observable in future experiments, whereas the three other points are excluded by current observations. In fact, they are so large that the contribution from preheating dominates the curvature perturbation. Even the spectrum would therefore disagree with observations. Comparison of the three largest values of g 2 /λ in Table I demonstrates the importance of the inhomogeneous modes for the effect. The resonance is at its strongest at g 2 /λ = 1.875, and earlier studies [10, 17, 18] which ignored inhomogeneous modes would have suggested that effect would be strongest at this parameter value. Likewise, they would have suggested that the parameter values g 2 /λ = 2.7 and g 2 /λ = 1.192 would have produced a smaller effect because the resonance is weaker. However, our results show strongest effect at g 2 /λ = 2.7 and weaker at g 2 /λ = 1.192. This finding has a simple explanation. What matters is not the absolute strength of the resonance, but the relative growth rates of the zero mode and the inhomogeneous modes. Near the lower edge of the resonance band g 2 /λ = 1, the growth rate of the zero mode is very small but inhomogeneous modes grow with a significant rate. Hence, ∂ 2 N/∂χ 2 i is very small. As g 2 /λ is increased, the growth rate of the zero mode grows, and ∂ 2 N/∂χ 2 i grows very rapidly. At g 2 /λ ≈ 1.4, the two growth rates are equal, and the dependence on g 2 /λ is weaker. Above this value, ∂ 2 N/∂χ 2 i starts to grow more rapidly again, as the growth rate of the inhomogeneous modes starts to fall. This agrees with our findings, and it will be very interesting to map this behaviour out including the sign of ∂ 2 N/∂χ 2 i in detail in future studies [20] . To summarise, we have demonstrated a method for computing the curvature perturbation non-linearly. The method can be readily applied to any inflationary model in which the dynamics are dominated by bosonic fields. It requires an average over random initial conditions and therefore the results will inevitably have statistical errors, but as our results show, it is possible to achieve reasonably good signal-to-noise ratios with existing computing technology.
The strength of the mechanism that generates the curvature perturbations during preheating depends on how sensitive the expansion of the universe is on the initial value of the homogeneous mode. This is determined by the relative growth rates of the zero mode and the inhomogeneous modes. Thus, calculations that ignore the effect of inhomogeneous modes cannot be trusted.
Our results rule out parts of the parameter space in the massless preheating model, because they would lead to extremely high level of non-Gaussian curvature perturbations, but they also show that others are compatible with observations. They demonstrate that reheating mechanisms can be crucial for the viability of inflationary models.
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